Abstract. We show that over a right coherent ring all pure injective left modules have flat covers. Then using recent work of Auslander and Buchweitz we show that left modules of finite flat dimension over right coherent rings also have flat covers.
Introduction
We recall If (a) is satisfied (and perhaps not (b)), then 4>: F -> M is called a flat precover of M. If a flat cover exists, then it is unique up to isomorphism. If a ring R is left perfect, then every left R-module has a projective cover. Over such rings flat left modules are projective, hence it is easy to check that these projective covers are in fact flat covers. In [2, Theorem 2.1, p. 196] it was shown that if a module admits a flat precover then it has a flat cover, but the existence of flat covers in general is an open question.
If 4>: F -y M is a flat cover and </>': F' -* M is a flat precover, then any map /: F -* F' such that </>' o / = <¡> maps F isomorphically onto a direct summand of F'. This can be seen by chasing the obvious diagram. Definition 1.2. A left R-module G is said to be cotorsion if Ext1 (F, G) = 0 for all flat modules F. Proof. Let M c E with E an injective module. The embedding M -y E gives a map E+ -y M+ . Since R is right coherent, it is known that E+ is flat (to show / ®E+ -» R®E+ is an injection for every finitely generated (and so finitely related) right ideal /, simply use the canonical isomorphisms I®RE+ = HomR(I, E)+ and R ® E+ tt HomÄ(R, E)+). To show that E+ -» M+ is a precover, let F be flat. We want to show that Hom(F, E+) -> Hom(FM+) is onto, i.e., by a natural isomorphism that
is exact since F is flat and Q/Z is an injective Z-module, so the result follows. Theorem 2.3. If R is right coherent, every pure injective left R-module has a flat cover.
Proof. By the preceeding M++ has a flat cover. But M is pure injective if and only if the canonical map M -* M++ isomorphically onto a direct summand of M++ (see [8] or [7] ), so by Propositions 1.5 and 2.1, M has a flat cover.
We note for use below that M+ is pure injective for any module M. If R is right coherent and M+ c E for an injective right R-module E then as in the proof of Proposition 2.2 we see that E+ -» M++ is a flat precover. But E+ is pure injective, so if F -y M++ is a flat cover of M++ , F is isomorphic to a direct summand of E+ and hence is pure injective. But M pure injective implies M is a direct summand of M++ , so the flat cover of M is a summand of F and hence is also pure injective.
Flat covers of modules of finite flat dimension. If M is a left R-module then PE(Af) denotes the pure injective envelope of M. We recall that PE(Af) is pure injective and that M -» PE(Af)/5' is a pure injection for a submodule S c PE(Af) if and only if S = 0.
We need The idea for the use of the pushout and pullback diagrams in the proofs of the next three results is due to Auslander and Buchweitz in [1] where they study maximal Cohen-Macaulay approximations (or in our language, maximal Cohen-Macaulay precovers). We are happy to acknowledge our debt to their work. The cardinality of the bases of these free modules are invariants of the module M. If R is a complete local ring and M is finitely generated, the minimal projective resolution of M is a minimal flat resolution of M. For if P -* M is the projective cover of M, K = ker(F -> M) is finitely generated and hence Matlis reflexive. But any module of the form Hom/^N, E) with E injective is pure injective and hence cotorsion. Hence K is cotorsion. So P -► M is a flat cover. Based on these and other examples, we conjecture that when M is finitely generated the invariants mentioned above are always finite.
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